In terms of exact solutions of the time-dependent Schrödinger equation for an effective giant spin modeled from a coupled two-mode Bose-Einstein condensate ͑BEC͒ with adiabatic and cyclic time-varying Raman coupling between two hyperfine states of the BEC, we obtain analytic time-evolution formulas of the population imbalance and relative phase between two components with various initial states, especially the SU͑2͒ coherent state. We find the Berry phase depending on the number parity of atoms, and particle number dependence of the collapse revival of population-imbalance oscillation. It is shown that self-trapping and phase locking can be achieved from initial SU͑2͒ coherent states with proper parameters.
I. INTRODUCTION
The experimental discovery of Bose-Einstein condensation in trapped atomic clouds opened up the exploration of quantum mechanics of mesoscopic systems in a qualitatively new regime. The cold gas clouds have many advantages for investigation of quantum phenomena, and hence become a test ground of quantum-mechanical principles as well as the interplay between macroscopic and quantum coherence. The observation of matter-wave interference implies the realization of coherent atomic beams, atomic Josephson effect, and a variety of quantum interference phenomena ͓1͔. In particular, recent experiments on two-component Bose-Einstein condensates ͑BECs͒ in 87 Rb atoms ͓1,2͔ have stimulated considerable interests in the phase dynamics and number fluctuations of the condensates. Aside from its intrinsic appeal, the capability demonstrated by the recent experiments might lead to applications also on quantum computation. Based on the macroscopic wave-function approach it is demonstrated that the Josephson effect exists in a driven twostate single-particle BEC in a single trap. The macroscopic quantum self-trapping, as well as the -phase oscillations in which the time-averaged value of the phase difference is equal to , has been studied extensively ͓3-7͔. It is also shown that the population oscillation is modulated by the collapses and revivals due to the quantum nature of the system ͓8-14͔. The relative phase of two condensates in different hyperfine atomic states can be measured ͓2͔ using Ramsey's method of separated oscillating fields ͓15͔ and it is evident that the phase locking indeed occurs for small separation between condensates ͓1͔, implying the broken gauge symmetry. Most theoretical studies are focused on semiclassical analysis and a full quantum-mechanical formulation of the dynamics of the two-component BECs coupled by timedependent driving is certainly of interest and importance. It is well known that the system of two-component BECs can be described by a giant or mesoscopic pseudospin ͓16͔ using Schwinger realization of angular momentum operators in terms of two-mode bosons. Berry phase ͓17͔ emerges naturally in the mesoscopic pseudospin model ͓16͔ if the coupling between two components varies with time cyclically and adiabatically. The Berry phase in the mesoscopic spin model for the coupled two-component BECs has been explored recently in an elegant way by means of geometric evolutions ͓16͔. Trapped atomic BECs make it possible to create mesoscopic quantum objects containing of the order 10 6 atoms in the same quantum state with a longer lifetime, allowing the implementation of adiabatic evolution which is required for the Berry Phase. However, the dynamics of the mesoscopic spin modeled from the two-mode BEC has not yet been studied in the quantum-mechanical formalism. We in the present paper use the exact solution of the timedependent Schrödinger equation for the mesoscopic spin to provide a quantum-mechanical evaluation of the phase dynamics and the number fluctuation. With the time-evolution operator obtained by means of the generator of timedependent SU͑2͒ coherent states ͓18͔ we are able to derive analytic time-evolution formulas of both population imbalance and relative phase between the two-component BECs for various initial states, in particular, the SU͑2͒ coherent state with which the new effect of particle number dependence is discovered. Moreover, our approach has the advantage to obtain the phase dynamics and number fluctuation for both cases with and without the nonlinear interatomic collisions in the same framework so that the effects of interatomic collision can be recognized explicitly by comparing the results between two cases. We show that interatomic collisions do not affect the Berry phase but lead to the damping and collapse revival of the population-imbalance oscillation depending explicitly on the coupling strength and the total number of atoms as well. The SU͑2͒ coherent states are the most realistic initial states for the two-species BEC created by coupling two hyperfine states of atoms with radiation field ͓12͔. To our knowledge, we in this paper report for the first time a full quantum-mechanical evaluation of the dynamics of the two-species BEC described by an explicitly timedependent Hamiltonian with the initial SU͑2͒ coherent states and the phenomena such as self-trapping, phase locking, and collapse-revival are recovered theoretically in the same formalism.
The plan of the paper is as follows. In Sec. II we derive the mesoscopic spin model from the two-component BECs. The SU͑2͒ coherent states, which are considered as most practical initial states for the two-species BEC, are briefly introduced. The dynamics and Berry phase of the pseudospin are investigated in terms of the SU͑2͒ coherent-state technique for both cases with and without the interatomic collisions in Sec. III.
II. MODEL AND INITIAL STATE
We consider the Bose-Einstein condensate of trapped atomic gas in a single trap consisting of two internal states which are coupled by a spatially uniform radiation field with a Rabi frequency ⌳. Atoms are subjected to trapping potential V l (lϭa,b). The atoms interact via elastic two-body The transition operator induced by the external field is
with
The time-dependent coupling drive is characterized by its Rabi frequency ⌳(t) and the phase (t). Here we consider the adiabatically varying phase (t) such that its time derivative is negligibly small. The study of the dynamics of the system would be greatly simplified by introducing of the pseudoangular-momentum operators in terms of Schwinger relation,
The Casimir invariant is
where N ϭâ † â ϩb † b is the total number operator, which is a conserved quantity and thus is set equal to the total number of atoms Nϭ2 j with j being the quantum number of angular momentum. The Hamilton operator apart from a trivial constant reads
The relative phase of the two-mode BEC surely can be abstracted from the expectation value of the angular momen-tum operators Ĵ Ϯ , which along with the expectation value of Ĵ z ͑giving rise to the population imbalance between two components of BECs͒ is a measurable quantity in experiment.
Since the two-component BECs are experimentally created by coupling two hyperfine states with radiation field, it has been shown that the prepared initial state can be a particular case of the SU͑2͒ coherent state ͓12͔ ͑or known as atomic coherent state in quantum optics͒ which describes a state with a well-defined relative phase between the two species. However, a full quantum evaluation of the dynamics for the two-species BECs coupled by time-dependent driving with the initial spin coherent states has not yet been given. The SU͑2͒ coherent state is defined as
where nϭ(sin cos ,sin sin ,cos ) is a unit vector. The SU͑2͒ coherent state can be generated from an extreme Dicke state such that
where
This is called the coherent state in the north pole gauge, as compared to the generation of the coherent state from the extreme state ͉ j,Ϫ j͘ where it is called the state in the south pole gauge. The Dicke states are defined as usual Ĵ z ͉ j,m͘ ϭm͉ j,m͘ and can be generated from the vacuum by boson creation operators, i.e.,
The coherent state of Eq. ͑16͒ can be expanded in terms of the Dicke states,
͑19͒
It is easy to verify that
and the phase e i is seen to be the relative phase of the two species prepared in the initial SU͑2͒ coherent state. In this paper the generator of SU͑2͒ coherent states Eq. ͑17͒ is used as a unitary transformation to formulate the dynamics of the mesoscopic spin system modeled from the two-component BECs.
III. DYNAMICS AND BERRY PHASE

A. The case of qÄ0
We first of all consider the case of qϭ0 achieved by the condition ( a ϩ b )/2ϭ , which, although a special case, is practical in the range of BEC parameters. The equality q a Ϸq b Ϸq ab can be fulfilled practically for the two-component BECs consisting of 87 Rb atoms with different internal states since the scattering lengths of atoms with the two internal states are known at the 1% level to be ͓2͔ in proportion a a :a ab :a b ϭ1.03:1:0.97, where a a and a b are the samespecies scattering lengths and a ab is the scattering length for interspecies collisions. The ground-state wave function is same, a (r)ϭ b (r), and therefore the condition a Ϸ b Ϸ can be satisfied. The model in the case of qϭ0 is exactly solvable. We start with a generalized gauge transformation ͓19͔ in terms of the time-dependent unitary transformation ͓20͔ defined by
which has the same form as the generator Eq. ͑17͒ of SU͑2͒ coherent states and is the key point of the present formulation. The time-dependent Schrödinger equation is covariant under the gauge transformation ͓19͔ such that
and the state ͉(t)͘ is assumed to be the solution of original Schrödinger equation
The auxiliary parameter , which is time dependent in general, is to be determined by requiring that the Hamilton operator Ĥ Ј is diagonal in the Ĵ z representation. Using the relations given in the Appendix ͓Eqs. ͑A1͒-͑A4͔͒ ͓20͔, and noticing the adiabatic condition that d/dtӍ0 and d/dt Ӎ0, we obtain the Hamilton operator
with auxiliary parameter chosen as
It is easy to obtain the exact general solution of the original Schrödinger equation
with ͉ j,m͘ being the usual eigenstate of angular momentum Ĵ z so that Ĵ z ͉ j,m͘ϭm͉ j,m͘. The total phase is seen to be
which consists of the dynamical part given by
and the geometric part, i.e., the Berry phase
which is defined in the usual way. In the following we only consider a time-independent Rabi frequency G for the sake of simplicity. For a variation of one period T, i.e., (T) Ϫ(0)ϭ2, the Berry phase is found as
which has an obvious, geometric meaning from the viewpoint of differential geometry that the one form d is exact but not closed, where ␣ϭͱ 0 2 ϩ4G 2 , which is a timeindependent parameter. The Berry phase does not depend on an explicit form of the function (t) and is simply m times of a solid angle with the polar angle , in agreement with the recent result reported in Ref. ͓16͔ in which the Berry phase is evaluated in terms of geometric evolutions for the coupled two-component BECs. We, however, following the original procedure of Berry ͓17͔, obtain the Berry phase and the exact wave function as well by solving the time-dependent Schrö-dinger equation. In our approach the time evolution of both population imbalance and relative phase between two components of BECs can be investigated analytically. The explicit dependence of the Berry phase on the parameters of two-species BECs is also given with our procedure and the properties of the Berry phase can be explored. The geometric phase is actually the same as obtained in the context of SU͑2͒ coherent-state path integrals ͓21͔. To study the dynamics of the mesoscopic spin it is useful to derive the explicit time-evolution operator such that
where the time-evolution operator is found from the exact general solution of the time-dependent Schrödinger equation
For a given initial state ͉(0)͘ of the system the population imbalance between two components can be evaluated by
where the time-dependent angular momentum operator Ĵ z (t) in the Heisenberg picture is given in the Appendix ͓Eq. ͑A5͔͒ with the help of Eqs. ͑A1͒-͑A4͒. For the sake of simplicity, we have set the initial phase to zero, i.e., (0)ϭ0. To have the phase dynamics we need also the time-dependent angular momentum Ĵ ϩ (t) or Ĵ Ϫ (t) in the Heisenberg picture and the explicit formula of Ĵ ϩ (t) is shown in Eq. ͑A6͒. The time evolution of population imbalance and the expectation value of Ĵ ϩ (t) given by ͬ .
͑38͒
The population imbalance exhibits a simple oscillation. It is interesting to see a fact that the state of vanishing imbalance can be achieved for the case of even number of particles ͑i.e., jϭN/2 is integer͒ with the initial state of mϭ0, but not for the case of odd number of particles wherej is half-integer and the state of mϭ0 does not exist. ͑2͒ For a general SU͑2͒ coherent state ͉(0)͘ 2 ϭ͉n͘, the population imbalance is found as
Ϫsin cos sin cos ϩ ͫ cos 
͑39͒
The self-trapping with nonvanishing population imbalance takes place for the initial state with ϭ0 and ϭϪ . The population imbalance thus reduces to
The asymmetric trap potential, i.e., nonvanishing 0 is the necessary condition to achieve the self-trapping. The expectation value of angular momentum operator Ĵ ϩ (t) for the initial SU͑2͒ coherent state is seen to be 
for the initial state with ϭ0 and ϭϪ, indicating obviously the phase locking. We see that self-trapping of both population imbalance and relative phase of the twocomponent BECs can be obtained simultaneously from the SU͑2͒ coherent state. For the particular case of symmetric trap potential a ϭ b ( 0 ϭ0) we have ϭϪ/2 seen from Eq. ͑27͒, and the Berry phase then reduces to
͑43͒
The population imbalance is
and
The population imbalance for the initial SU͑2͒ coherent state vanishes as seen obviously from Eq. ͑40͒ in the case of 0 ϭ0, while
The relative phase of two components is locked exactly to the phase of external field. The phase locking, remains in the case with interatom collisions, i.e., the nonvanishing q. It may be worthwhile to emphasize that the Berry phase of Eq. ͑43͒ is trivial in the case of an even number of particles (m is integer͒ while it would lead to an antiperiodic wave function under 2 evolution of the phase angle for the odd number of particles (m is half-integer in this case͒ similar to the spin parity effect in the macroscopic quantum coherence in spin systems ͓22-24͔.
B. With nonlinear interactions
We now consider the general case with nonvanishing but small q for the practical model at hand, i.e., the two-species BEC created by coupling two hyperfine states of 87 Rb atoms. For a single trap a reasonable condition is 0 ϭ0 ( ϭϪ/2). With the help of time-dependent unitary transformation, Eq. ͑21͒, and the relation given by
we obtain, apart from a trivial constant,
where the two-photon transition terms ͑proportional to Ĵ ϩ 2 e i2(t) and Ĵ Ϫ 2 e Ϫi2(t) ) have been neglected as a reasonable approximation ͓13,14͔ which is good enough for the small q in comparing with the transition coupling between two components, namely, qӶG. The Berry phase in this case is the same as Eq. ͑43͒ due to 0 ϭ0. The interatom collisions do not affect the Berry phase. The time-evolution operator is
͑49͒
The population imbalance for the initial state ͉ 1 (0)͘ ϭ͉ j, j͘ is possible to be evaluated with the help of Eq. ͑16͒ and the Dicke-state representation of the SU͑2͒ coherent state Eq. ͑19͒ as
To compare the time evolution of population imbalance obtained here with that in the case of qϭ0, i.e., Eq. ͑44͒ ͑for mϭ jϭN/2) where the time variation of imbalance is a simple oscillation, the time evolution of Eq. ͑50͒ is shown in Fig. 1 with various values of the ratio q/G and the number of particles N. It is seen that the damping goes faster when the number of particles, N, and the ratio q/G increase ͓Figs. 1͑a,b͔͒. The N dependence of the oscillation of population imbalance for fixed ratio q/G is shown in Fig. 1͑a͒ for N ϭ10 2 ͑dashed line͒, Nϭ10 3 ͑dotted line͒, and Nϭ10 4 ͑solid line͒, respectively. The nonlinear interaction dependence for a fixed number of particles, Nϭ10 3 , is shown in Fig. 1͑b͒ for q/Gϭ0.01ϳ0.1. With the similar method the time-evolution of population imbalance from the initial spin coherent state Eq. ͑16͒, ͉ 2 (0)͘ϭ͉n͘, with nonvanishing q is obtained as
where we again use the Dicke-state representation of SU͑2͒ coherent state Eq. ͑19͒. The oscillation of population imbalance is shown in Fig. 2 with various values of the coupling strength q/G and angle ͓for the sake of simplicity we set ϭ(t)ϭ0]. Besides the damping, the most important effect of the nonlinear interaction with initial spin coherent state is the collapse revival of the population-imbalance oscillation. The particle number dependence of collapse revival is shown in Fig. 2͑a͒ for fixed q/G and the parameter . We observe an interesting phenomenon that the frequency of the collapse revival depends on both the number of particles and the coupling strength q/G. In Figs. 2͑b,c͒ we show the frequency behavior of the collapse revival varying with the product of the particle number and the coupling strength, Nq/G. The frequency is almost the same for the same value of the product Nq/G while different individual values of N and q/G. Moreover Nq/G dependence of collapse-revival frequency is not monotonic. A critical value Nq/Gϭ65 is found at which the frequency of collapse revival approaches a minimum. To see the effect of nonlinear interatom collisions closely we look at the population imbalance Eq. ͑39͒ with ϭ(t)ϭ0 for the case of qϭ0 as a comparison. In that case the population imbalance of Eq. ͑39͒ reduces to a simple oscillation such that
for 0 ϭ0. It is obvious that the nonlinear interaction results in both damping and collapse revival of populationimbalance oscillation. The simple oscillation of Eq. ͑52͒ with Rabi frequency is in agreement with the experimental observation ͓2͔. Particularly, the initial state can be prepared such that ϭ/2, the population imbalance vanishes for both cases with and without the nonlinear interatom collisions ͓see Eq. ͑52͔͒. The phase-locking state is achieved again by seeing that
which is the same as Eq. ͑46͒ for the case of qϭ0. In other words, phase locking is independent of the nonlinear interaction. The expectation value ͗Ĵ ϩ (q,t)͘ 2 for general , is also derived analytically with the help of Eqs. ͑16͒ and ͑19͒. The resulting formula is tedious and may not be of interest to be presented here.
IV. CONCLUSION
Using the exact solution of the time-dependent Schrö-dinger equation the population imbalance and phase dynamics are evaluated with various initial states, particularly with SU͑2͒ coherent states which are the most realistic initial states for the two-species BEC created by coupling two hy- perfine states of atoms with radiation field ͓12͔. We conclude that self-trapping can be achieved from the initial SU͑2͒ coherent state with an asymmetric trap potential only. Phase locking is obtained also from the initial SU͑2͒ coherent state and is independent of the nonlinear interaction, which may be observed experimentally in terms of Ramsey's method measuring the relative phase of two components of BEC in different hyperfine atomic states. The nonlinear interatom coupling does not affect the Berry phase but leads to the damping and collapse revival of the population-imbalance oscillations. The interesting particle number dependence of the collapse revival and Berry phase as well is explored.
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